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A Zero-Level Set Preserving Technique
for Signed Distance Function Computation
from an Implicit Surface

Pierre-Alain Fayolle
University of Aizu

Figure 1. Left: A complex implicit surface modeled using torii, the sawtooth function, and a
blending union. Middle: A filled contour plot of the model illustrating the un-normalized nature
of the function (the norm of its gradient is different than one). Right: The signed distance to
the model surface obtained after re-distancing using the techniques presented in this article.

Abstract

We describe in this short article a technique to convert an implicit surface into a signed dis-
tance function (SDF) while exactly preserving the zero-level set of the implicit surface. The
proposed approach relies on embedding the input implicit surface in the final layer of a neural
network by multiplying this neural network by the implicit surface function or a smoothed
version of its sign function. The parameters of the corresponding function are then trained to
minimize a loss function characterizing the SDF, either exactly by a term corresponding to an

eikonal equation or approximately by a term involving the p-Laplace operator.

1. Introduction

We consider in this article the problem of computing the signed distance function
(SDF) to an implicit surface. Let a surface .S be defined as the zero-level set of a
function f, S = {x € R : f(x) = 0}. We propose a method for computing the
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signed distance to S,
d(x) = £ dist(x, S) = £ min |z — y, (1)
yeSs
while preserving exactly the zero-level set of f. Without loss of generality, we assume

that d > 0 inside the domain bounded by S and that d < 0 outside. Here and
everywhere else in this note,

- | stands for the vector {2 norm.

In the literature on level-set methods, techniques for computing the SDF d from
f are called re-initialization (or re-distancing) methods [Sussman et al. 1994; Osher
and Fedkiw 2003]. The usual re-initialization method, due to Sussman et al. [1994],
considers the problem

dg(x,t)

o (1= Vag(a, ) =0, g(@,0) = (@), @

and solves it to a steady state. Typically, Equation (2) is solved by discretizing the
time derivative with explicit or implicit Euler and the spatial derivative by finite
difference [Sussman et al. 1994]. Another popular approach for computing Equa-
tion (1) is the Fast Marching Method [Sethian 1996] used to solve the eikonal equation
Vg(z)| = 1.

In each case, the approach relies on computing a regular grid for the domain and
sampling functions and derivatives on this grid. Thus, the zero-level set of g does not
correspond exactly to the zero-level set of f.

Conversely, the method described in this article preserves exactly the zero-level
set of f. It does so by computing the signed distance d(x; @) as f(x)g(x; ), where
g(.) is a parametric function whose parameters € are fitted so that d corresponds to
the distance function.

2. Related Work

2.1. Distance to an Implicit Surface

The simplest method for turning f into an SDF consists in meshing the zero-level
set S, for example with the Marching Cubes algorithm [Lorensen and Cline 1987],
and then computing the distance to the polygonal mesh. Typically, accelerating data
structures, such as a Kd-tree or a bounding volume hierarchy (BVH), are used for
practical computations.

Re-initialization (or re-distancing) a scalar field f sampled on a grid is a common
operation in level-set methods [Sussman et al. 1994; Osher and Fedkiw 2003]. It relies
on solving Equation (2) by finite differences for the spatial derivatives and explicit
Euler for time stepping. Several variants were proposed over the years that use higher-
order schemes for approximating the spatial derivatives or for time stepping. Related
approaches include the Fast Marching Method of Sethian [1996] or the fast sweeping
method of Zhao [2005].
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All these approaches rely on sampling the function and its derivatives on a grid
(generally a regular grid, but methods working on hierarchical grids exist as well).

2.2. Deep Neural Networks for Computational Science

While deep neural networks were originally designed to tackle regression or classi-
fication problems, their use has now been extended to deal with different types of
problems in computational sciences and applications.

Deep neural networks can be trained to compute the SDF to a given point cloud
or triangle mesh [Atzmon et al. 2019; Atzmon and Lipman 2020, 2021; Chibane et al.
2020; Gropp et al. 2020; Davies et al. 2021; Sitzmann et al. 2020b,a; Takikawa et al.
2021]. All of these methods differ in how they model the loss function or the network
architecture. For example, Sitzmann et al. [2020b] proposes using sine activation
functions.

In this work, instead of starting from a point cloud or a polygonal mesh, we as-
sume that the input is a function f whose zero-level set describes the surface of in-
terest. Typically, this implicit surface would have been designed with a modeling
system, and the distance to its zero-level set could be needed for certain types of
modeling operations (for example, as a design parameter) or for further simulations
(for example, in computational mechanics). The surface information is embedded
in the neural network by multiplying the final layer by the function f itself or by a
smoothed version of sign( f).

Related to our approach are recent techniques for solving partial differential equa-
tions (PDE), including high-dimensional and stochastic PDE, with deep neural net-
works [Weinan and Yu 2018; Blechschmidt and Ernst 2021].

3. Approach

Given a function f whose zero-level set defines a surface S, our goal is to compute d,
the signed distance to .S from Equation (1). We look for the distance function d under
the form

d(x;0) = f(x)g(x;0), 3)

where g is a parametric function with parameters 8. We use a fully connected feed-
forward neural network for g. For fitting 6, the parameters of g, we express d as the
solution to a variational problem (see Sections 3.2 and 3.3).

An alternative to Equation (3) is to use

d(x; 0) = sign(f(x))g(x; 0), 4)

where sign(u) is a smoothed version of the sign function. For example, one can use
sign(u) = tanh(au), where « is a user-specified parameter.
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3.1. Feedforward Neural Network

As an ansatz for d(x), we use f(x)g(x;0), where yr, = g(x;0),yr, € R, is a deep,
fully connected neural network defined by

yr = Wro(yr—1) + bz,

yo2 = Wao(y1) + be,
Y1 = Wlm+bl’

where L corresponds to the number of layers in the deep neural network, W =
{Wi}ti=1,..r and b = {b;};=1, .1, correspond to the parameters 6 of the neural net-
work, and o() is a nonlinear activation function.

3.2. Variational Problems

The distance function d in Equation (1) is the viscosity solution to the eikonal equation
[Crandall and Lions 1983]
[Vad| =1 (&)

with boundary condition d(x) = 0 for € S. See, e.g., Belyaev and Fayolle [2015,
2020] for recent numerical techniques to solve Equation (5).

For some applications, one may be interested instead in smooth approximations
to the distance function; in these cases an alternative approach consists in considering
the p-Poisson problem

Apu=—1, (©6)

subject to w = 0 on S and where Ayu = div (|Vul[P~%|Vzul) is the p-Laplacian,
with p being an integer.

Let u,, be the solution to Equation (6); then u,(x) — dist(x, S) as p — oo and
thus u,, can be used to approximate the signed distance function to .S [Belyaev and
Fayolle 2015; Fayolle and Belyaev 2018].

For a fixed value of p, the solution w,, to Equation (6) only delivers an approxi-
mation of the distance function to S. The approximation quality can be improved by
a simple normalization scheme as described by Belyaev and Fayolle [2015].

3.3. Loss Functions

Let g(x;0 = (W, b)) be a deep and fully connected neural network with parameters
6 = (W, b). We use the ansatz

d(x;0) = f(x)g(x;0)  (or d(x;0) = sign(f(x))g(w;0))

for the distance function, where the parameters 8 need to be fitted.
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Given that the distance function is the viscosity solution to the eikonal Equa-
tion (5), we consider the following loss function (to be minimized)

L(6) = Egp (|Vad(z; )| — 1)%, (7)

where [E is the expected value and D is the uniform distribution over the given com-
putational domain.

Similarly, if one wants to solve the p-Poisson problem in Equation (6) instead, the
corresponding loss function is given by

L(0) = Egp (Apd(w; 0) + 1)%. (8)

It is possible to add other constraints to the loss in Equation (7) or the loss in
Equation (8). For example, if necessary, one could prevent eventual extra zero-level
sets away from the surface by adding a term such as

Lia:f(m)20y €xp (=7 |d(z; 0)]) ©)

where 1 x is the indicator function for the set X and + is a large value (for example,
v =10%).

Stochastic Gradient Descent [Robbins and Monro 1951] or a variant, such as,
e.g., ADAM [Kingma and Ba 2014], is used to minimize the loss function in Equa-
tion (7) or the loss function in Equation (8), with eventual additional constraints such
as Equation (9).

The corresponding minimizer d(x; 0 = 5), with fitted parameters 0, provides the
SDF to S (or an approximation in the case of Equation (8)), while preserving exactly
the zero-level set of f.

3.4. Derivatives Computation

We rely on automatic differentiation to compute the spatial derivatives V, div, or
A, exactly. Note that the derivatives are taken here with regards to the input @ of the
function.

For training the deep neural network, we also need to compute the derivatives of
the loss function in Equation (7) or (8) with regards to the parameters 8 = (W b).
This is also done by automatic differentiation, as is usually done when training deep
neural networks.

4. Numerical Results

41. Setup

We use PyTorch [Paszke et al. 2019] for specifying the deep neural network, comput-
ing the derivatives (with regards to the network’s parameters and the coordinates) and
minimizing the loss function.
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For the network g we use 8 fully connected linear layers with width 512. We use
a skip connection from the input to the middle layer. The architecture is similar to the
one described by Park et al. [2019] and Gropp et al. [2020].

The softplus activation function is used for the nonlinear activation functions

o(x) = ;ln(l + exp(fx)).

We used 5 = 100 in the experiments. Using the softplus activation function be-
haved better in our experiments than using the Rectified Linear Unit (RELU), which
is typically used with deep neural networks. Note that it is also possible to consider
alternatives such as the SIREN layer [Sitzmann et al. 2020b] for the activation func-
tion. We did not experiment with this alternative. In the final layer, we multiply the
output of the neural network g(x; @) by tanh(a f(x)), the smoothed sign function of
f(x). We used a = 0.1.

We minimize the loss function in Equation (7) or (8) by ADAM [Kingma and
Ba 2014], using a learning rate of 0.0001. The parameters of the neural network are
initialized with the geometric initialization of Atzmon and Lipman [2020].

For the computation of the loss function in Equation (7) orn (8), we use the uni-
form distribution over the computational domain for the distribution D.

4.2. Results
4.2.1. 1D Example

We start our numerical experiments with a simple example in 1D: We consider the
domain [0, 1] with the points {0, 1} as the boundary. We build an implicit for this
domain as

fle)=2z+ 1 —z)+ 2?2+ (1 —x)?,

i.e., the intersection of half-spaces x and (1 — x) with the intersection implemented
by an R-function [Shapiro 2007; Pasko et al. 1995].
Note that, in this case, the exact SDF to the boundary is known and is given, of
course, by
min(z,1 — x).

Figure 2 shows a plot of the function f, the distance computed by solving the eikonal
Equation (5), and the approximate distance obtained by solving the p-Poisson problem
in Equation (6) with p = 2 and p = 8.

Solving Equation (5) or (6) is done by minimizing the corresponding loss function
in Equation (7) or (8), respectively. We used 15,000 iterations in both cases.

To verify the quality of the solutions, we also show in Figure 3 the distribution of
the p-Laplacian A,d(x), p = 2,8, for the solution to Equation (6), and the norm of
the gradient |V zd ()|, for the solution to Equation (5). Notice how the distributions
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Figure 2. Results in 1D. Plots of (a) f(x) = = + (1 — z) + /22 + (1 — x)2, (b) minimizing
the eikonal Equation (7) and minimizing Equation (8) with (c) p = 2 and (d) p = 8. Note that
the zero-level set of f (the points {0, 1}) is exactly preserved.
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Figure 3. Left: Distribution of the values of the Laplacian Ad (A,d with p = 2). Middle:
Distribution of the values of the p-Laplacian A,d, p = 8. Right: Distribution of the values of
|[Vd|. The computational domain is the interval [—2, 3]. The values are centered around —1
for A,d and 1 for |Vd].

are centered around —1 for the solution to the p-Poisson problem and around 1 for the
solution to the eikonal equation.
Another observation is that the solution to the p-Poisson problem in Equation (6)

191


http://jcgt.org

Journal of Computer Graphics Techniques Vol. 14, No. 1, 2025
Zero-Level Set Preserving Technique for Signed Distance Function http://jcgt.org

allows us to obtain a smooth approximation to the exact distance function, where p
acts as a parameter. Computing smooth approximants to the distance function has
applications in domains such as computational mechanics.

4.2.2. 2D Example

In 2D, we consider the function

f(l‘,y)zl—x2—y2,

whose zero-level set corresponds to a unit circle. The exact SDF to the unit circle is,
of course, known and given by

1— 22+ 42
Figure 4 illustrates the results obtained by our approach. The top row shows filled
contour plots for the input function f(z, y) and the solution to the eikonal Equation (5)
obtained by minimizing Equation (7). The bottom row shows the solution to the p-
Poisson problem for p = 2 (left) and p = 8 (right). In all cases, we used 15,000
iterations of ADAM. Notice again how the zero-level set of f is exactly preserved.
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Figure 4. Top: Filled contour plot of f(z,y) = 1 — 2% — y? (left) and SDF obtained by
minimizing the loss in Equation (7) (right). Bottom: Approximate SDF obtained by minimizing

Equation (8) for p = 2 (left) and p = 8 (right). The zero-level set is shown in black. Contour
lines are equidistributed (the difference between two contour lines is a constant within one
plot). Note how the zero-level set of f is exactly preserved in all cases.
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Figure 5. Zero-level set and filled contour plot on a slice for the original implicit (left) and the
SDF obtained by minimizing the loss function in Equation (7) (right). The contour lines shown
on each slice are equidistributed (the difference between two contour line is a constant within
one plot).

4.2.3. 3D Examples

We use a more complex model to illustrate our approach in 3D. See the image on the
left in Figure 5. This object is built from algebraic primitives (a sphere, a box, and
three cylinders) and constructive solid geometry (CSG) operations implemented by
R-functions [Pasko et al. 1995]. The term algebraic here refers to the fact that we are
not using distance-based primitives. For example, we use

2

1—2?—y?—2%2 and 1—2%—4¢?

for a sphere and a cylinder, respectively.

Figure 5 (left) shows with a filled contour plot on a given slice of the object that
the function f defining the object does not correspond to the distance to the surface
S. Figure 5 (right) shows the solution to Equation (5). It corresponds to minimizing
the loss function in Equation (7). We used 15,000 iterations of ADAM (similar to the
1D and 2D examples). Notice how the solution delivers a good approximation of the
signed distance to the surface. Since the original implicit f is embedded in the last
layer of the deep neural network, the zero-level set of f is exactly preserved.

Figure 6 illustrates a more complex object (a microstructure) made of blended
torii, tiled along the three main directions. This model is also built from algebraic
implicits, the sawtooth function, and blend functions, and it does not correspond to
the distance function (left image). The right image shows the result obtained by re-
distancing, where we can see in the filled contour plot on the cross-section the nor-
malized behavior of the field.

5. Conclusion

We proposed in this short article a technique for re-distancing an implicit surface.
Given a function f whose zero-level set defines a geometric surface .S, we want to
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Figure 6. A more complex model made of blended torii, infinitely tiled in three directions. Left:

Zero-level set and filled contour plot on a slice for the original implicit. Right: The SDF obtained
by minimizing the loss function in Equation (7).

compute the signed distance to S' (or an approximation), while preserving exactly
the zero-level set of f. We do that by embedding the function f in the last layer
of a deep neural network, which is then trained on a loss function derived from an
eikonal equation. Alternatively, we propose a different loss function corresponding to
the p-Poisson problem A,u = —1, whose solution delivers an approximation to the
distance function.
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